Abstract. In this paper, we study the existence of various harmonic maps from Hermitian manifolds to Kähler, Hermitian and Riemannian manifolds respectively. By using refined Bochner formulas on Hermitian (possibly non-Kähler) manifolds, we derive new rigidity results on Hermitian harmonic maps from compact Hermitian manifolds to Riemannian manifolds, and we also obtain the complex analyticity of pluri-harmonic maps from compact complex manifolds to compact Kähler manifolds (and Riemannian manifolds) with non-degenerate curvatures, which are analogous to several fundamental results in [28, Siu], [14, and [26, Sampson].
then rank R df ≤ 2 if (N, g) has strongly Hermitian-negative curvature. In particular, if dim C M > 1, there is no Hermitian harmonic immersion of M into Riemannian manifolds of constant negative curvature.
Here, the strongly Hermitian-negative curvatures on Riemannian manifolds (see Definition 4.2) are analogous to Siu's strongly negative curvatures on Kähler manifolds. For example, Riemannian manifolds with negative constant curvatures have strongly Hermitian-negative curvatures. On the other hand, the condition ∂∂ω m−2 h = 0 can be satisfied on a large class of Hermitian non-Kähler manifolds( [21] , [9] ), for example, Calabi-Eckmann manifolds S 2p+1 × S 2q+1 with p + q + 1 = m.
In Section 7, we consider the complex analyticity of pluri-harmonic maps from compact complex manifolds to compact Kähler manifolds and Riemannian manifolds respectively. The following results are also analogous to Theorem 1.1 and Theorem 1. We can see from the proof of Theorem 7.1 that Corollary 1.5 also holds if the target manifold N is the compact quotient of a bounded symmetric domain and f is a submersion. The key ingredients in the proofs are some new observations on refined Bochner formulas on the vector bundle E = f * (T 1,0 N ) on the Hermitian( possibly non-Kähler) manifold M .
As similar as Theorem 1.4, we obtain Theorem 1.6. Let f : M → (N, g) be a pluri-harmonic map from a compact complex manifold M to a Riemannian manifold (N, g). If the Riemannian curvature R g of (N, g) is Hermitian non-degenerate at some point p, then rank R df (p) ≤ 2.
As examples, we show Corollary 1.7.
(1) Any pluri-harmonic map from the Calabi-Eckmann manifold S 2p+1 × S 2q+1 to the real space form N (c) is constant if p + q ≥ 1.
(2) Any pluri-harmonic map from CP n to the real space form N (c) is constant if n ≥ 2.
and s ∈ Γ(M, E). As a classical result, the Euler-Lagrange equation of the energy
On the other hand, df is also a section of the vector bundle F := T * M ⊗ f * (T N ). Let ∇ F be the induced connection on F by the Levi-Civita connections of M and N . f is said to be totally geodesic if
It is obvious that an immersion is minimal if and only if it is harmonic. and {w i } n i=1 be the local holomorphic coordinates on M and N respectively, where m = dim C M and n = dim C N . If f : M → N is a smooth map, the pullback vector bundle f * (T 1,0 N ) is denoted by E. The local frames of E are denoted by e i = f * ( ∂ ∂w i ), i = 1, · · · , n. The metric connection on E induced by the complexified Levi-Civita connection (i.e., Chern connection) of T 1,0 M is denoted by ∇ E . There are three E-valued 1-forms, namely,
Proof. Let F : M × C → N be a smooth function such that
Now we set K = F * T 1,0 N . The connection on K induced by the Chern connection on T 1,0 N is denoted by ∇ K . Its (1, 0) and (0, 1) components are denoted by ∂ K and ∂ K respectively. The induced bases F * (
Since the connection ∇ K is compatible with the Hermitian metric on K, we obtain
On the other hand,
where ∂ t is ∂-operator on the manifold M × C. By definition,
When t = 0,
Finally, we obtain
Hence the Euler-Lagrange equation of E ′′ (f ) is ∂ * E ∂f = 0. Similarly, we can get the Euler-Lagrange equations of E ′ (f ) and E(f ).
For any smooth function Φ on the compact Hermitian manifold (M, h), we know (3.13)
Therefore, by Lemma 2.1
For more details about the computations, see e.g. [19] .
We clarify and summarize the definitions of various harmonic maps in the following: (1) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂ *
for any α, β and i. (1) The Hermitian harmonic equation (3.18) was firstly introduced by Jost-Yau in [14] . For more generalizations, see [17] , [16] and also the references therein; (2) The harmonic map equation (3.17) is the same as classical harmonic equation (3.2) by using the background Riemmanian metrics; (3) Pluri-harmonic maps are Hermitian harmonic; (4) Pluri-harmonic maps are not necessarily ∂-harmonic or ∂-harmonic; (5) ∂ E ∂f = 0 and ∂ E ∂f = 0 are equivalent; (6) For another type of Hermitian harmonic maps between Hermitian manifolds defined by using Chern connections, we refer the reader to [34] .
Lemma 3.4. For any smooth map
Proof. It is easy to see that 
smooth map from a compact Hermitian manifold (M, h) to a compact Kähler manifold (N, g). The Hermitian harmonic map equation (3.18) is equivalent to
(3.20) ∂ E − 2 √ −1∂ * ω h * ∂f = 0 or ∂ E + 2 √ −1∂ * ω h * (∂f ) = 0.
Proof. On a compact Hermitian manifold (M, h) with
By formulas (3.16) and (3.15), we obtain ∂ * E ∂f = ∂ * E ∂f . The second statement follows by Lemma 3.5.
Proposition 3.8. Let (M, h) be a compact Hermitian manifold and (N, g) a Kähler manifold. If f : (M, h) → (N, g) is totally geodesic and (M, h) is Kähler, then f is pluriharmonic.
Proof. Considering the complexified connection ∇ F on the vector bundle F = T * M ⊗ f * (T N ), we have
Similarly, we have
That is
If f is totally geodesic and (M, h) is Kähler, then f is pluri-harmonic by degree reasons.
Remark 3.9. It is easy to see that pluri-harmonic maps are not necessarily totally geodesic.
Lemma 3.10. Let f be a pluri-harmonic map from a complex manifold M to a Kähler manifold (N, g). Then the real (1, 1) forms
and (3.23)
Proof. By definition, we see
where the last step follows from the definition equation (3.19) of pluri-harmonic maps. Hence, we obtain dω 0 = 0. The proof of dω 1 = 0 is similar.
3.3.
Harmonic maps between Hermitian manifolds. Let (M, h) and (N, g) be two compact Hermitian manifolds. Using the same notation as in the previous subsection, we can define ∂-harmonic (resp. ∂-harmonic, harmonic ) map f : (M, h) → (N, g) by using the critical point of the Euler-Lagrange equation of E ′′ (f ) (resp. E ′ (f ), E(f )). In this case, the harmonic equations have the same second order parts, but the torsion parts are different. For example, the ∂-harmonic equation is
where T (f ) is a quadratic function in df and the coefficients are the Christoffel symbols of (N, g). One can see it clearly from the proof of Lemma 3.1.
3.4.
Harmonic maps from Hermitian manifolds to Riemannian manifolds. Let (M, h) be a compact Hermitian manifold, (N, g) a Riemannian manifold and E = f * (T N ) with the induced Levi-Civita connection. As similar as in the Kähler target manifold case, we can define the ∂-energy of f :
It is easy to see that the Euler-Lagrange equation of (3.25) is
Similarly, we can define E ′ (f ) and get its Euler-Lagrange equation
Definition 3.11. Let (M, h) be a compact Hermitian manifold and (N, g) a Riemannian manifold. Let f : (M, h) → (N, g) be a smooth map and E = f * (T N ).
(1) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂ * E ∂f = 0; (2) f is called ∂-harmonic if it is a critical point of ∂-energy, i.e., ∂ * E ∂f = 0; (3) f is called harmonic if it is a critical point of d-energy, i.e., ∂ *
As similar as Proposition 3.7, we have 
∂g pℓ ∂w j . In [28] , Siu introduced the following definition: the curvature tensor R ijkℓ is said to be strongly negative (resp. strongly positive) if
for any nonzero n × n complex matrix (
Definition 4.1. Let (N, g) be a Kähler manifold. The curvature tensor R ijkℓ is called non-degenerate if it satisfies the condition that
It is easy to see that both manifolds with strongly positive curvatures and manifolds with strongly negative curvatures have non-degenerate curvatures.
4.2.
Curvatures of Riemannian manifolds. Let (M, g) be a Riemannian manifold and ∇ the Levi-Civita connection. The curvature tensor R is defined by
To illustrate our computation rules on Riemannain manifolds, for example, the Riemannian curvature tensor components of S n induced by the canonical metric of R n+1 are R ijkℓ = g iℓ g jk − g ik g jℓ . The Ricci curvature tensor components are R jk = g iℓ R ijkℓ = (n − 1)g jk .
As similar as Siu's definition, Sampson([26] ) proposed the following definition:
Definition 4.2. Let (M, g) be a compact Riemannian manifold.
(1) The curvature tensor R of (M, g) is said to be Hermitian-positive (resp. Hermitiannegative) if
for any Hermitian semi-positive matrix A = (A iℓ ). R is called strongly Hermitianpositive (resp. strongly Hermitian-negative) if R is Hermitian-positive (resp. Hermitian negative) and the equality in (4.4) holds only for Hermitian semi-positive matrix A with complex rank ≤ 1. (2) R is said to be Hermitian non-degenerate at some point p ∈ M if
for some Hermitian semi-positive matrix A = (A ij ) implies A has rank ≤ 1. R is said to be Hermitian non-degenerate if it is Hermitian non-degenerate everywhere.
Note that any rank one Hermitian matrix can be written as A ij = a i b j and so for any curvature tensor R ijkℓ , one has
On the other hand, it is easy to see that both manifolds with strongly Hermitian-positive curvatures and manifolds with strongly Hermitian-negative curvatures are Hermitian nondegenerate .
Lemma 4.3 ([26]). If (M, g) has positive (resp. negative) constant sectional curvature, then the curvature tensor is strongly Hermitian positive (resp. negative). In particular, it is Hermitian non-degenerate.
Proof.
The results follow by this identity easily. (1) semi dual-Nakano-negative; (2) non-positive Riemannian curvature operator; (3) strongly non-positive in the sense of siu; (4) non-positive complex sectional curvature; (5) non-positive Riemannian sectional curvature; (6) non-positive holomorphic bisectional curvature; (7) non-positive isotropic curvature.
(1) =⇒ (2) =⇒ (3) ⇐⇒ (4) =⇒ (5) =⇒ (6) (1) =⇒ (3) ⇐⇒ (4) =⇒ (7).
So far, it is not clear to the authors whether one of them can imply (Sampson's) Hermitian negativity. However, it is easy to see that the Poincaré disks and projective spaces have Hermitian negative and Hermitian positive curvatures respectively. It is hopeful that semi dual-Nakano-negative curvatures can imply Hermitian negative curvatures (in the sense of Sampson). We will go back to this topic later. 13 
Existence of various harmonic maps
In their pioneering work [5] , Eells-Sampson have proposed the heat flow method to study the existence of harmonic maps. In this section, we will consider a similar setting. Let f : (M, h) → (N, g) be a continuous map from a compact Hermitian manifold to a compact Riemannian manifold. In the paper ( [14] ) of Jost and Yau, they considered the heat flow for the Hermitian harmonic equation, i.e., Similarly, we can consider the following parabolic system for the ∂-energy of a smooth map f from a compact Hermitian manifolds (M, h) to a Riemannian manifold (N, g),
Locally, the parabolic equation (5.2) is
The difference between (5.3) and (5.1) are the first order derivative terms of f . By the theory of parabolic PDEs, if (N, g) has non-positive sectional curvature, the solution of (5.3) exists for all t ≥ 0 following the adapted methods in [5] and [14] . Let e(f ) = h αβ g ij ∂f i ∂z α ∂f j ∂z β be the energy density. By differentiating the equation (5.3), we obtain
) has non-positive sectional curvature where C = C(M, h) is a positive constant only depending on (M, h), and ∆ c is the canonical Laplacian ∆ c = h αβ ∂ 2 ∂z α ∂z β . The extra first order terms in f are absorbed in |∇ 2 f | by using the Schwarz inequality. As analogous to the existence results of , harmonic maps) and Jost-Yau( [14] , Hermitian harmonic maps), we obtain Proof. It follows from the fact that if a Kähler manifold has strongly negative curvature, then the background Riemannain metric has negative sectional curvature.
Finally, we need to point out that, along the same line, one can easily obtain similar existence results for various harmonic maps into a Hermitian target manifold (N, g) if the background Riemannian metric on N has non-positive Riemannian sectional curvature. For more details about the existence and uniqueness results on various harmonic maps in the Hermitian context, we refer the reader to [5] , [11] , [6] , [7] , [14] , [10] , [15] [23], [20] , [4] , [33] and also the references therein.
6. The complex analyticity of harmonic maps 6.1. Harmonic maps from Hermitian manifolds to Kähler manifolds. Let f : (M, h) → (N, g) be a smooth map from a Hermitian manifold (M, h) to a Kähler manifold. Let E = f * (T 1,0 N ). In the local coordinates {z α } on M , and {w i } on N , one can get
in the local normal coordinates h αβ = δ αβ centered at a point p ∈ M where R E is the (1, 1) component of the curvature tensor of E and R ijkℓ are components of the curvature tensor of (N, g). If Q is zero, (N, g) has non-degenerate curvature, N is compact and rank R df ≥ 4, one can show ∂f = 0 or ∂f = 0(c.f. [28, Siu] ). Now let's recall Siu's ∂∂ trick( [28, 29] ) in the Hermitian setting (c.f. [14] ). Let f : (M, h) → (N, g) be a smooth map between Hermitian manifolds and E = f * (T 1,0 N ). Lemma 6.1. We have the following formula 
Proof. Without loss of generality, we can assume E is a trivial bundle, and 
where Q is defined in (6.1).
Lemma 6.5. Let f be any smooth map from a compact Hermitian manifold (M, h) to a Kähler manifold (N, g). We have the following identity 
= 2R
ℓ ijk
Proof. Since the curvature tensor of the real vector bundle T N is (6.7)
we get the full curvature tensor of the pullback vector bundle E = f * (T N ),
The ( 
